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Abstract
Given a lineal H0 and x0 ∈ H0 and a linear injective
U0 : H0 → H0 such that all U0
N , N ∈ Z exist and all
{U0
Nx0 |N ∈ Z} are linearly independent, anyone can define
on Lx0 := span{U0
Zx0} := span{U0
Nx0 |N ∈ Z} a (pre)hilbert
scalar product such that U0 becomes a unitary operator.
The problem under consideration is: Suppose there is spec-
ified an indefinite inner product {, }0 on H0 and U0 is a {, }0-
unitary operator. Can one introduce a (pre)hilbert topology on
Lx0 so that after completion and possible extension the result-
ing {, }ext is continuous, the resulting Uext is {, }ext-unitary and
there exists a pair L+, L− mutually {, }ext orthogonal, maximal
strictly positive and respectively negative subspaces, so that they
are Uext-invariant? More generally, can one construct a sequence
(chain) of transformations of the type
restrict → change topology → make completion → extend
→ restrict → · · ·
with the same result? (And, as a result, after some transforma-
tions, which are natural in the field of indefinite inner product
spaces, Uext will become usual Hilbert space unitary operator).
For a relatively wide class of pairs ”operator, inner product”
positive solutions proposed.
1
0. Introduction
Given a lineal H0 and x0 ∈ H0 and a linear injective U0 : H0 → H0
such that all U0
N , N ∈ Z exist, and all {U0
Nx0 |N ∈ Z} are
linearly independent, anyone can define on Lx0 := span{U0
Zx0} :=
span{U0
Nx0 |N ∈ Z} a (pre)hilbert scalar product such that U0 be-
comes a unitary operator. But what about the case where H0 has an
additional structure and some properties of H0 are expressed in terms
of that structure? Namely, what about the case where on H0 is defined
an indefinite inner product, say {·, ·}0, and U0 is {, }0-unitary at least
on span{U0
Zx0} :
{U0x, U0y}0 = {x, y}0 , {U
−1
0 x, U
−1
0 y}0 = {x, y}0
for all x, y ∈ span{U0
Zx0}, what about such a case? If {x0, U
N
0 x0}0
as a function of N ∈ Z can be presented as linear combination of pos-
itive defined functions of N , then one can define on span{U0
Zx0} a
(pre)hilbert scalar product (may be degenerated), say (, ), such that
U0 becomes (, )-unitary and simultaneously {, } becomes con-
tinuous with respect to the corresponding (pre)hilbert norm (may be
seminorm). If not, if the presentation, mentioned above, is impossible,
then such (, ) is impossible. But what is possible?
In this paper we will show that at least the following is possible:
Under some natural conditions, one can define a prehilbert scalar prod-
uct, say (, ), on span{U0
Zx0}, so that {, }0 turned out to be continuous
and after the corresponding completion of span{U0
Zx0} , denote it here
by Lx0∼, this space Lx0∼, indefinite inner product {, } and U0 can be
extended to the Hilbert space Hext, continuous indefinite inner product
{, }ext on Hext and a {, }ext-unitary operator Uext : Hext → Hext with
the properties:
there exist two lineals
L+ , L− ⊂ Hext
such that
(a) U±1extL+ = L+
(b) U±1extL− = L−
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(c) {x, x}ext > 0 (x ∈ L+\{0})
(d) {x, x}ext < 0 (x ∈ L−\{0})
(e) {L+, L−}ext = {0}
(f) L+ ∩ L− = {0}
(g) if {L+ + L−, x}ext = 0 then x = 0
(h) L+ + L− = H
Moreover,
(c’) {x, x}ext > 0 (x ∈ L+\{0})
(d’) {x, x}ext < 0 (x ∈ L−\{0})
(e’) {L+, L−}ext = {0}
(f’) L+ ∩ L− = {0}
Indeed, if in addition U and U−1 are bounded, then
(a’) Uext
±1L+ = L+
(b’) Uext
±1L− = L−
(overline stands for ”closure of”).
Of course, there exists x0 ext ∈ Hext such that
{x0 ext, U
N
extx0 ext}ext = {x0, U
N
0 x0}0 , N ∈ Z
and one of methods of this paper consists in to take a Hilbert space H1,
indefinite inner product {, }1 with desirable properties (a), (b), and so
on, and then look for x1 ∈ H1 such that
{x1, U
N
1 x1}1 = {x0, U
N
0 x0}0 , N ∈ Z
If we have success, we can identify ”1”-objects with ”ext”-objects. This
is why the paper is called ”Models of Z-orbits ...”.
Logically we cosider the chain of transformaitions
restrict → change topology → make completion → extend
→ restrict → change topology → make completion → extend
3
→ restrict → · · ·
The order of the components of the chain may be changed.
One can say that we want to develop a specific version of the technique
of modelling operators (model operators) with the aim to construct the
models with desired properties, not to prove something predesigned
about the original abstract operator. The latter is secondary: the
central object is model, not abstract operator.
Now about the ”some natural conditions”.
First, we will mostly suppose that the restriction U0 on Lx0 has no
non-zero so called neutral invariant subspace.
Second, to avoid problems with the definition of invariant subspace of
unbounded operator, we will in some constructions suppose that
|{x0, U
N
0 x0}0| ≤M e
a |N |
for some numbers M,a and all integers N .
Of course we suppose that the reader is familiar with the basics of the
theory of operators acting in abstract indefinite inner product spaces.
In this paper the modelling operators are combinations of bilateral
weighted shifts. We only need of the basics of the basics of the theory
of bilateral weighted shifts.
We should warn about some peculiarities of the system of notations (in
this paper). For some reasons we prefer to define sesquilinear form to
be linear in the second argument, not in the first. Another, given an
element f of a lineal and a number λ, we consider f λ as a synonimous
of λ f .
Now the details.
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1. Notes on Bilateral Weighted Shifts
Let {un}n∈Z be a bilateral number sequence; we will suppose that
un 6= 0 for all n ∈ Z. Let H be a separable Hilbert space, complex or
real, with a fixed basis {bn}n indexed with n ∈ Z, (bilateral basis).
In this case let U denote the shift 1 that is generated by the formula
U : bn 7→
un+1
un
bn+1 . (∗)
The general facts we need are these:
Observation 1.1
One constructs the U as follows:
One starts extending the instruction (∗) on the linear span of the
{bn}n∈Z so that the resulting operator becomes linear. That extension
is unique and defines a linear densely defined operator, which is here
denoted by Umin, and which is closable. The closure of Umin is just
the U .
Now then, this U is closed and at least densely defined and injective;
it has dense range and the action of UN , U∗−N , U∗NUN , U−NU∗−N
(for any integer N) is generated by
UN : bn 7→
un+N
un
bn+N ; U
∗−N : bn 7→
u∗n
u∗n+N
bn+N ;
U∗NUN : bn 7→ |
un+N
un
|
2
bn ; U
−NU∗−N : bn 7→ |
un
un+N
|
2
bn .
In particular, UN is bounded just when the number sequence
{|un+N/un|}n is bounded. Moreover,
‖UN‖ = sup{ |un+N/un| |n ∈ Z}
✷
This is all what we need from the theory of bilateral weighted shifts.
1 the full name is: the bilateral weighted shift of {bn}n, to the right.
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2. Some properties of Û = U ⊕ U∗−1 where U is a
bilateral weighted shift
First of all recall that Û = U ⊕U∗−1 (acting in H⊕H) is unitary with
respect to the indefinite inner product {, }, given by
{x⊕ y, x1 ⊕ y1} := (x, y1) + (y, x1);
where (, ) stands for Hilbert scalar product (in H)
Remark 2.1.
The reader maybe prefer to deal with the complex Hilbert space and
{x⊕ y, x1 ⊕ y1}s := i((x, y1)− (y, x1);
Recall
{(I ⊕ −iI)(x⊕ y), (I ⊕ iI)(x1 ⊕ y1)} := i((x, y1)− (y, x1)
= {x⊕ y, x1 ⊕ y1}s;
and
(I ⊕−iI)(U ⊕ U∗−1)(I ⊕ iI) = (I ⊕ iI)(U ⊕ U∗−1)(I ⊕−iI)
= U ⊕ U∗−1;
So, in the complex space case both constructions are logically equiva-
lent. On the other hand the former is algebraically more simple than
latter, and we prefer to deal with {, }.
✷
Observation 2.1.
{ÛN(b0 ⊕ b0), Û
M (b0 ⊕ b0)} = 0, (M 6= N)
{ÛN (b0 ⊕ b0), Û
N (b0 ⊕ b0)} = 2(b0, b0) = 2 > 0
{ÛN (b0 ⊕−b0), Û
M (b0 ⊕−b0)} = 0, (M 6= N)
{ÛN(b0 ⊕−b0), Û
N (b0 ⊕−b0)} = −2(b0, b0) = −2 < 0
{ÛN(b0 ⊕ b0), Û
M (b0 ⊕−b0)} = 0.
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Definition 2.1.
L+ := span{Û
N(b0 ⊕ b0)|N ∈ Z} ≡ span{(U
Nb0 ⊕ U
∗−Nb0)|N ∈ Z}
L− := span{Û
N(b0 ⊕−b0)|N ∈ Z} ≡ span{(U
Nb0 ⊕−U
∗−Nb0)|N ∈ Z}
Theorem 2.1.
(1) Û±1L+ = L+
(2) Û±1L− = L−
(3) bN ⊕ 0 ∈ L+ + L− (N ∈ Z)
0⊕ bN ∈ L+ + L− (N ∈ Z)
(4) if {L+ + L−, x} = 0 then x = 0
(5) L+ + L− = Ĥ
(6) {L+, L−} = {0}
(7) {x, x} > 0 (x ∈ L+\{0})
(8) {x, x} < 0 (x ∈ L−\{0})
(9) L+ ∩ L− = {0}
Moreover,
(6′) {L+, L−} = {0}
(7′) {x, x} > 0 (x ∈ L+\{0})
(8′) {x, x} < 0 (x ∈ L−\{0})
(9′) L+ ∩ L− = {0}
If in addition U and U−1 are bounded, then
(1′) Û±1L+ = L+
(2′) Û±1L− = L−
Proof is straightforward.
Definition 2.2.
Lg⊕h = span{U
Ng ⊕ U∗−Nh| N = 0,±1,±2,±3, . . .}
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✷Definition 2.1. Given f ∈ H we write
f(n) := (bn, f) ;
Conversely, given {f(n)}n ∈ l2(Z) we put
f := Σnbn(bn, f) ∈ H ;
✷
Theorem 2.2. If f0(−N) = f0(N) then {Lb0⊕f0 , Lb0⊕−f0} = {0}
Proof.
{b0 ⊕−f0, Û
N (b0 ⊕ f0)} = {b0 ⊕−f0, U
Nb0 ⊕ U
∗−Nf0}
= (b0, U
∗−Nf0)− (f0, U
Nb0)
= (U−Nb0, f0)− (f0, U
Nb0)
=
u−N
u0
f0(−N)− f0(N)
uN
u0
= 0 ,
N = 0,±1,±2,±3, . . .
✷
Theorem 2.3. Suppose
{Lb0⊕f0 + Lb0⊕−f0 , g1 ⊕ h1} = {0}
then
h1 = 0
(f0, U
Ng1) = 0 N = 0,±1,±2,±3, . . .
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Proof
{ÛN (b0 ⊕±f0), g1 ⊕ h1} = 0
N = 0,±1,±2,±3, . . .
Then
{ÛN(b0 ⊕ 0), g1 ⊕ h1} = 0
N = 0,±1,±2,±3, . . .
and
{ÛN (0⊕ f0), g1 ⊕ h1} = 0
N = 0,±1,±2,±3, . . .
Now obtain
0 = {ÛN(b0 ⊕ 0), g1 ⊕ h1}
= {(UNb0 ⊕ 0), g1 ⊕ h1}
= (UNb0, h1)
N = 0,±1,±2,±3, . . .
0 = {ÛN(b0 ⊕ 0), g1 ⊕ h1} = {(U
Nb0 ⊕ 0), g1 ⊕ h1} = (U
Nb0, h1)
N = 0,±1,±2,±3, . . .
Hence h1 = 0. Now
0 = {ÛN(0⊕ f0), g1 ⊕ h1}
= {(0⊕ U∗−Nf0), g1 ⊕ h1}
= (U∗−Nf0, h1)
= (f0, U
−Nh1)
N = 0,±1,±2,±3, . . .
Hence
0 = (f0, U
Nh1)
N = 0,±1,±2,±3, . . .
✷
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3. Models of Orbits. Existence and Properties.
Definition 3.1. Let H1, {, }1 and H0, {, }0 be indefinite inner product
spaces, U1 and U0 be respectively {, }1- and {, }0-unitary operators
(bounded or not), and let x1 ∈ H1, x0 ∈ H0
We say that the Z-orbit
{UN1 x1|N ∈ Z}
is a model of the orbit
{UN0 x0|N ∈ Z}
iff
{x1, U
N
1 x1}1 = {x0, U
N
0 x0}0 , N ∈ Z
In this case we write
span{UN1 x1|N ∈ Z} ≈{,}1,{,}0 span{U
N
0 x0|N ∈ Z}
and/or simply
{UN1 x1|N ∈ Z} ≈{,}1,{,}0 {U
N
0 x0|N ∈ Z}
✷
Throughout this section
H1 := H ⊕H
{x⊕ y, x1 ⊕ y1}1 := {x⊕ y, x1 ⊕ y1}
:= (x, y1) + (y, x1);
where Hilbert space H, (, ) is the same as in the previous sections and
let
U1 := U ⊕ U
∗−1
for a suitable bilateral shift operator U (bounded or not).
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In addition suppose (mostly thechnical suppositions) that un is choosen
so that
u−n = un , (n ∈ Z)
and { 1
uN
{x0, U
N
0 x0}0
}
N∈Z
∈ l2(Z)
First of all we try
x1 := b0 ⊕ f0
for a suitable f0
So, we consider the next equation, where f0 is to be found.
{b0 ⊕ f0, Û
N (b0 ⊕ f0)} = {b0 ⊕ f0, U
Nb0 ⊕ U
∗−Nf0} = {x0, U
N
0 x0}0
, N = 0,±1,±2,±3, . . .
Now we obtain
(b0, U
∗−Nf0) + (f0, U
Nb0) = {x0, U
N
0 x0}0 , N = 0,±1,±2,±3, . . .
(U−Nb0, f0) + (f0, U
Nb0) = {x0, U
N
0 x0}0 , N = 0,±1,±2,±3, . . .
(
u−N
u0
b−N , f0) + (f0,
uN
u0
bN) = {x0, U
N
0 x0}0 , N = 0,±1,±2,±3, . . .
u−N
u0
(b−N , f0) +
uN
u0
(f0, bN) = {x0, U
N
0 x0}0 , N = 0,±1,±2,±3, . . .
u−N
u0
f0(−N) +
uN
u0
f0(N) = {x0, U
N
0 x0}0 , N = 0,±1,±2,±3, . . .
Note
{x0, U
N
0 x0}0 = {x0, U
−N
0 x0}0 , N = 0,±1,±2,±3, . . .
Recall,
uN = u−N , N = 0,±1,±2,±3, . . .
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so that
(f0(−N) + f0(N))
uN
u0
= {x0, U
N
0 x0}0 , N = 0,±1,±2,±3, . . .
The formal solution is
f0(N) =
1
2
u0
uN
{x0, UN0 x0}0 + f00(N) , N = 0,±1,±2,±3, . . .
where
f00(−N) = −f00(N) , N = 0,±1,±2,±3, . . .
Fix f00 := 0 so that
f0(N) = f0(−N) , N = 0,±1,±2,±3, . . .
In this case we have
{f0(N)}N∈Z ∈ l2(Z)
and hence we really have obtained a solution.
Thus we have obtained
Theorem 3.1. Choose un so that
u−n = un , (n ∈ Z)
and { 1
uN
{x0, U
N
0 x0}0
}
N∈Z
∈ l2(Z)
(it is always possible) and put
f0(N) =
1
2
u0
uN
{x0, UN0 x0}0 , N = 0,±1,±2,±3, . . .
In this case
{f0(N)}N∈Z ∈ l2(Z)
and if one defines
x1 := b0 ⊕ f0
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then
{x1, U
N
1 x1}1 = {x0, U
N
0 x0}0 , N ∈ Z
✷
Let us discuss some properties of the obtained solution
Recall the Definition 2.2:
Lg⊕h = span{U
Ng ⊕ U∗−Nh| N = 0,±1,±2,±3, . . .}
and recall that by the Theorem 2.2 we have
{Lb0⊕f0 , Lb0⊕−f0} = {0}
Theorem 3.2. Suppose U,U−1 are bounded, H0 is a complet normed
space with the norm ||·||0 such that |{x, y}0| ≤ ||x||0||y||0 , (x, y ∈ H0)
and un is choosen so that
Σn|
u0
un
|2||Un0 x0||
2
0 <∞
(it is always possible if U0, U
−1
0 are bounded). If in addition
{Lb0⊕f0 + Lb0⊕−f0 , g1 ⊕ h1} = {0}
then
g˜1 := Σn
u0
un
g1(n)U
n
0 x0 ∈ span{U
n
0 x0|n ∈ Z} ⊂ H0
and
{UN0 x0, g˜1}0 = 0
N = 0,±1,±2,±3, . . .
{UN0 g˜1, g˜1}0 = 0
N = 0,±1,±2,±3, . . .
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In particular, span{UN0 g˜1|n ∈ Z} is a || · ||0 closed U
±1
0 -invariant {, }0-
neutral subspace of span{UN0 x0|n ∈ Z} ⊂ H0 (may be {0}).
Proof
By the Theorem 2.3,
h1 = 0
(f0, U
Ng1) = 0
N = 0,±1,±2,±3, . . .
On the other hand
g1 = Σng1(n)bn
Hence
U−Ng1 = Σn
un−N
un
g1(n)bn−N
N = 0,±1,±2,±3, . . .
(f0,Σn
un−N
un
g1(n)bn−N ) = 0
N = 0,±1,±2,±3, . . .
Σn
un−N
un
g1(n)f0(n−N) = 0
N = 0,±1,±2,±3, . . .
Recall,
f0(N) = (bN , f0) =
1
2
u0
uN
{x0, UN0 x0}0 , N = 0,±1,±2,±3, . . .
Hence
f0(n−N) = (bn−N , f0) =
1
2
u0
un−N
{x0, U
n−N
0 x0}0 , N = 0,±1,±2,±3, . . .
Hence
Σn
un−N
un
g1(n)
1
2
u0
un−N
{x0, U
n−N
0 x0}0 = 0
N = 0,±1,±2,±3, . . .
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Σn
u0
un
g1(n)
1
2
{x0, U
n−N
0 x0}0 = 0
N = 0,±1,±2,±3, . . .
Σn
u0
un
g1(n)
1
2
{UN0 x0, U
n
0 x0}0 = 0
N = 0,±1,±2,±3, . . .
{UN0 x0, g˜1}0 = 0
N = 0,±1,±2,±3, . . .
{UN0 U
n
0 x0, g˜1}0 = 0
N,n = 0,±1,±2,±3, . . .
{UN0 g˜1, g˜1}0 = 0
N = 0,±1,±2,±3, . . .
Quod erat demonstrandum.
✷
Corollary 3.1.
Suppose H0|span{UN0 g˜1|n ∈ Z} (the restriction of H0 onto
span{UN0 g˜1|n ∈ Z}) has no non-zero neutral invariant subspace.
Then
Lb0⊕f0 + Lb0⊕−f0 = H1
and
Lb0⊕f0 ∩ Lb0⊕−f0 = {0}
Proof. By supposition and the Theorem 3.2 g˜1 = 0. Hence
{Lb0⊕f0 + Lb0⊕−f0 , g1 ⊕ h1} = 0
implies
g1 ⊕ h1 = 0⊕ 0
Hence
Lb0⊕f0 + Lb0⊕−f0 = H1
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Now, by the Theorem 2.2,
{Lb0⊕f0 , Lb0⊕−f0} = 0
and again
{Lb0⊕f0 + Lb0⊕−f0 , g1 ⊕ h1} = 0
implies
g1 ⊕ h1 = 0⊕ 0
Hence
Lb0⊕f0 ∩ Lb0⊕−f0 = {0}
✷
Thus, we have constructed the following chain of restrictions-
extensions:
H0 ⊃ Lx0 ≈{,}0,{,} Lb0⊕f0 ⊂ Lb0⊕f0+˙{,}Lb0⊕−f0 ⊂dense Lb0⊕f0+˙{,}Lb0⊕−f0
= L++˙{,}L− (chain A)
Here and in followingA+˙B stands for A+B with indicating A∩B = {0}
and A+{,}B stands for A+B with indicating {A,B} = {0}.
4. Operator U0 ⊕ U0
Observation 4.1.
{b0 ⊕−f0, Û
N (b0 ⊕−f0)} = {b0 ⊕−f0, U
Nb0 ⊕−U
∗−Nf0}
= −{x0, U
N
0 x0}0 ,
N = 0,±1,±2,±3, . . .
✷
This motivates the following considerations.
Definition 4.1.
Put
H˜0 := H0 ⊕H0
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‖x⊕ y‖2∼ := ‖x‖
2
0 + ‖y‖
2
0 (x, y ∈ H0)
U˜0 := U0 ⊕ U0
{x⊕ y, x1 ⊕ y1}− := {x, x1}0 − {y, y1}0
Lx0 := span{U
nx0|n ∈ Z}
Lx0 := closure of Lx0 with respect to ‖ · ‖0
L˜x0 := Lx0 ⊕ Lx0
and define a linear map
Ω : Lx0 ⊕ Lx0 ⊂ H˜0 → Lb0⊕f0 + Lb0⊕−f0 ⊂ Ĥ
as follows: Firstly put
Ω(UN0 x0 ⊕ U
M
0 x0 ) := Û
N (b0 ⊕ f0) + Û
M (b0 ⊕−f0)
N,M ∈ Z
Then extend this map onto the span of UN0 x0 ⊕ U
M
0 x0 (N,M ∈ Z)
as a linear map.
Observation 4.2.
{Ω(x⊕ y, ),Ω(x1 ⊕ y1 )} = {x⊕ y, , x1 ⊕ y1}−
x, y, x1, y1 ∈ Lx0
Thus, if we take into account indefinite inner products, we may say that
Lx0⊕Lx0 is embedded in Lb0⊕f0+Lb0⊕−f0 , we will write it symbolically
as
Lx0 ⊕ Lx0 ⊂Ω,{,}0,{,} Lb0⊕f0 + Lb0⊕−f0
If in addition U0 is bounded, has no nonzero {, }0 invariant subspace,
then by the Corollary 3.1
Lb0⊕f0 + Lb0⊕−f0 = Ĥ (a)
and
Lb0⊕f0 ∩ Lb0⊕−f0 = {0} ; (b)
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As a result,
Ω : Lx0 ⊕ Lx0 ⊂ H˜0 → Lb0⊕f0 + Lb0⊕−f0 ⊂ Ĥ
is injective (note, surjective by the definition). Hence,
Ω−1 : Lb0⊕f0 + Lb0⊕−f0 ⊂ Ĥ → Lx0 ⊕ Lx0 ⊂ H˜0
exists, and we may identify Lb0⊕f0+Lb0⊕−f0 and Lx0⊕Lx0 as indefinite
inner product lineals, write it symbolically:
Lx0 ⊕ Lx0 ≈Ω,{,}0,{,} Lb0⊕f0 + Lb0⊕−f0
Thus, if take into account the relation (b), we may write finally:
Lx0 ⊕ Lx0 ≈Ω,{,}0,{,} Lb0⊕f0 + Lb0⊕−f0
⊂ Lb0⊕f0 + Lb0⊕−f0 = Ĥ = L++˙{,}L− (chain B);
✷
As a result we have obtained
Theorem 4.1.
Suppose H0 is a Hilbert space. Suppose U0 is bounded, has no nonzero
{, }0 invariant subspace, and x0 is a Z-cyclic vector of U0, i.e.,
H0 = Lx0
Then
(a) there exists a (pre)hilbert norm on Lx0 ⊕ Lx0 such that {, }− and
U0 ⊕ U0 are continuous and can be extended to continuous {, }ext and
Uext onto Hext = the completion of Lx0 ⊕ Lx0 ;
(b) there are two U±1ext-nvarint (closed) subspaces L+,L− ⊂ H˜0 such
that:
(1) L+ is strictly positive;
18
(2) L− is strictly negative;
(3) L+ ∩ L− = {0} ,
(4) L+ + L− is dense in H˜0,
(5) {L+,L−}− = {0}.
(6) as semidefined subspaces, L+, L− both are maximal.
✷
Finally,
Remark 4.1.
Note, that, in contrast with (chain A) in the previous subsection, in
(chain B) all embeddings are dense. ✷
19
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Abstract
Given a lineal H0 and x0 ∈ H0 and a linear injective
U0 : H0 → H0 such that all U0
N , N ∈ Z exist and all
{U0
Nx0 |N ∈ Z} are linearly independent, anyone can define
on Lx0 := span{U0
Zx0} := span{U0
Nx0 |N ∈ Z} a (pre)hilbert
scalar product such that U0 becomes a unitary operator.
The problem under consideration is: Suppose there is spec-
ified an indefinite inner product {, }0 on H0 and U0 is a {, }0-
unitary operator. Can one introduce a (pre)hilbert topology on
Lx0 so that after completion and possible extension the result-
ing {, }ext is continuous, the resulting Uext is {, }ext-unitary and
there exists a pair L+, L− mutually {, }ext orthogonal, maximal
strictly positive and respectively negative subspaces, so that they
are Uext-invariant? More generally, can one construct a sequence
(chain) of transformations of the type
restrict → change topology → make completion → extend
→ restrict → · · ·
with the same result? (And, as a result, after some transforma-
tions, which are natural in the field of indefinite inner product
spaces, Uext will become usual Hilbert space unitary operator).
For a relatively wide class of pairs ”operator, inner product”
positive solutions proposed.
1
0. Introduction
Given a lineal H0 and x0 ∈ H0 and a linear injective U0 : H0 → H0
such that all U0
N , N ∈ Z exist, and all {U0
Nx0 |N ∈ Z} are
linearly independent, anyone can define on Lx0 := span{U0
Zx0} :=
span{U0
Nx0 |N ∈ Z} a (pre)hilbert scalar product such that U0 be-
comes a unitary operator. But what about the case where H0 has an
additional structure and some properties of H0 are expressed in terms
of that structure? Namely, what about the case where on H0 is defined
an indefinite inner product, say {·, ·}0, and U0 is {, }0-unitary at least
on span{U0
Zx0} :
{U0x, U0y}0 = {x, y}0 , {U
−1
0 x, U
−1
0 y}0 = {x, y}0
for all x, y ∈ span{U0
Zx0}, what about such a case? If {x0, U
N
0 x0}0
as a function of N ∈ Z can be presented as linear combination of pos-
itive defined functions of N , then one can define on span{U0
Zx0} a
(pre)hilbert scalar product (may be degenerated), say (, ), such that
U0 becomes (, )-unitary and simultaneously {, } becomes con-
tinuous with respect to the corresponding (pre)hilbert norm (may be
seminorm). If not, if the presentation, mentioned above, is impossible,
then such (, ) is impossible. But what is possible?
In this paper we will show that at least the following is possible:
Under some natural conditions, one can define a prehilbert scalar prod-
uct, say (, ), on span{U0
Zx0}, so that {, }0 turned out to be continuous
and after the corresponding completion of span{U0
Zx0} , denote it here
by Lx0∼, this space Lx0∼, indefinite inner product {, } and U0 can be
extended to the Hilbert space Hext, continuous indefinite inner product
{, }ext on Hext and a {, }ext-unitary operator Uext : Hext → Hext with
the properties:
there exist two lineals
L+ , L− ⊂ Hext
such that
(a) U±1extL+ = L+
(b) U±1extL− = L−
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(c) {x, x}ext > 0 (x ∈ L+\{0})
(d) {x, x}ext < 0 (x ∈ L−\{0})
(e) {L+, L−}ext = {0}
(f) L+ ∩ L− = {0}
(g) if {L+ + L−, x}ext = 0 then x = 0
(h) L+ + L− = H
Moreover,
(c’) {x, x}ext > 0 (x ∈ L+\{0})
(d’) {x, x}ext < 0 (x ∈ L−\{0})
(e’) {L+, L−}ext = {0}
(f’) L+ ∩ L− = {0}
Indeed, if in addition U and U−1 are bounded, then
(a’) Uext
±1L+ = L+
(b’) Uext
±1L− = L−
(overline stands for ”closure of”).
Of course, there exists x0 ext ∈ Hext such that
{x0 ext, U
N
extx0 ext}ext = {x0, U
N
0 x0}0 , N ∈ Z
and one of methods of this paper consists in to take a Hilbert space H1,
indefinite inner product {, }1 with desirable properties (a), (b), and so
on, and then look for x1 ∈ H1 such that
{x1, U
N
1 x1}1 = {x0, U
N
0 x0}0 , N ∈ Z
If we have success, we can identify ”1”-objects with ”ext”-objects. This
is why the paper is called ”Models of Z-orbits ...”.
Logically we cosider the chain of transformaitions
restrict → change topology → make completion → extend
→ restrict → change topology → make completion → extend
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→ restrict → · · ·
The order of the components of the chain may be changed.
One can say that we want to develop a specific version of the technique
of modelling operators (model operators) with the aim to construct the
models with desired properties, not to prove something predesigned
about the original abstract operator. The latter is secondary: the
central object is model, not abstract operator.
Now about the ”some natural conditions”.
First, we will mostly suppose that the restriction U0 on Lx0 has no
non-zero so called neutral invariant subspace.
Second, to avoid problems with the definition of invariant subspace of
unbounded operator, we will in some constructions suppose that
|{x0, U
N
0 x0}0| ≤M e
a |N |
for some numbers M,a and all integers N .
Of course we suppose that the reader is familiar with the basics of the
theory of operators acting in abstract indefinite inner product spaces.
In this paper the modelling operators are combinations of bilateral
weighted shifts. We only need of the basics of the basics of the theory
of bilateral weighted shifts.
We should warn about some peculiarities of the system of notations (in
this paper). For some reasons we prefer to define sesquilinear form to
be linear in the second argument, not in the first. Another, given an
element f of a lineal and a number λ, we consider f λ as a synonimous
of λ f .
Now the details.
4
1. Notes on Bilateral Weighted Shifts
Let {un}n∈Z be a bilateral number sequence; we will suppose that
un 6= 0 for all n ∈ Z. Let H be a separable Hilbert space, complex or
real, with a fixed basis {bn}n indexed with n ∈ Z, (bilateral basis).
In this case let U denote the shift 1 that is generated by the formula
U : bn 7→
un+1
un
bn+1 . (∗)
The general facts we need are these:
Observation 1.1
One constructs the U as follows:
One starts extending the instruction (∗) on the linear span of the
{bn}n∈Z so that the resulting operator becomes linear. That extension
is unique and defines a linear densely defined operator, which is here
denoted by Umin, and which is closable. The closure of Umin is just
the U .
Now then, this U is closed and at least densely defined and injective;
it has dense range and the action of UN , U∗−N , U∗NUN , U−NU∗−N
(for any integer N) is generated by
UN : bn 7→
un+N
un
bn+N ; U
∗−N : bn 7→
u∗n
u∗n+N
bn+N ;
U∗NUN : bn 7→ |
un+N
un
|
2
bn ; U
−NU∗−N : bn 7→ |
un
un+N
|
2
bn .
In particular, UN is bounded just when the number sequence
{|un+N/un|}n is bounded. Moreover,
‖UN‖ = sup{ |un+N/un| |n ∈ Z}
✷
This is all what we need from the theory of bilateral weighted shifts.
1 the full name is: the bilateral weighted shift of {bn}n, to the right.
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2. Some properties of Û = U ⊕ U∗−1 where U is a
bilateral weighted shift
First of all recall that Û = U ⊕U∗−1 (acting in H⊕H) is unitary with
respect to the indefinite inner product {, }, given by
{x⊕ y, x1 ⊕ y1} := (x, y1) + (y, x1);
where (, ) stands for Hilbert scalar product (in H)
Remark 2.1.
The reader maybe prefer to deal with the complex Hilbert space and
{x⊕ y, x1 ⊕ y1}s := i((x, y1)− (y, x1);
Recall
{(I ⊕ −iI)(x⊕ y), (I ⊕ iI)(x1 ⊕ y1)} := i((x, y1)− (y, x1)
= {x⊕ y, x1 ⊕ y1}s;
and
(I ⊕−iI)(U ⊕ U∗−1)(I ⊕ iI) = (I ⊕ iI)(U ⊕ U∗−1)(I ⊕−iI)
= U ⊕ U∗−1;
So, in the complex space case both constructions are logically equiva-
lent. On the other hand the former is algebraically more simple than
latter, and we prefer to deal with {, }.
✷
Observation 2.1.
{ÛN(b0 ⊕ b0), Û
M (b0 ⊕ b0)} = 0, (M 6= N)
{ÛN (b0 ⊕ b0), Û
N (b0 ⊕ b0)} = 2(b0, b0) = 2 > 0
{ÛN (b0 ⊕−b0), Û
M (b0 ⊕−b0)} = 0, (M 6= N)
{ÛN(b0 ⊕−b0), Û
N (b0 ⊕−b0)} = −2(b0, b0) = −2 < 0
{ÛN(b0 ⊕ b0), Û
M (b0 ⊕−b0)} = 0.
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Definition 2.1.
L+ := span{Û
N(b0 ⊕ b0)|N ∈ Z} ≡ span{(U
Nb0 ⊕ U
∗−Nb0)|N ∈ Z}
L− := span{Û
N(b0 ⊕−b0)|N ∈ Z} ≡ span{(U
Nb0 ⊕−U
∗−Nb0)|N ∈ Z}
Theorem 2.1.
(1) Û±1L+ = L+
(2) Û±1L− = L−
(3) bN ⊕ 0 ∈ L+ + L− (N ∈ Z)
0⊕ bN ∈ L+ + L− (N ∈ Z)
(4) if {L+ + L−, x} = 0 then x = 0
(5) L+ + L− = Ĥ
(6) {L+, L−} = {0}
(7) {x, x} > 0 (x ∈ L+\{0})
(8) {x, x} < 0 (x ∈ L−\{0})
(9) L+ ∩ L− = {0}
Moreover,
(6′) {L+, L−} = {0}
(7′) {x, x} > 0 (x ∈ L+\{0})
(8′) {x, x} < 0 (x ∈ L−\{0})
(9′) L+ ∩ L− = {0}
If in addition U and U−1 are bounded, then
(1′) Û±1L+ = L+
(2′) Û±1L− = L−
Proof is straightforward.
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Definition 2.2.
Lg⊕h = span{U
Ng ⊕ U∗−Nh| N = 0,±1,±2,±3, . . .}
✷
Definition 2.3.
Given f ∈ H we write
f(n) := (bn, f) ;
Conversely, given {f(n)}n ∈ l2(Z) we put
f :=
∑
n∈Z
bn(bn, f) ∈ H ;
✷
Theorem 2.2.
If
u−N
u0
f0(−N) = f0(N)
uN
u0
then
{Lb0⊕f0 , Lb0⊕−f0} = {0}
Proof.
{b0 ⊕−f0, Û
N (b0 ⊕ f0)} = {b0 ⊕−f0, U
Nb0 ⊕ U
∗−Nf0}
= (b0, U
∗−Nf0)− (f0, U
Nb0)
= (U−Nb0, f0)− (f0, U
Nb0)
=
u−N
u0
f0(−N)− f0(N)
uN
u0
= 0 ,
N = 0,±1,±2,±3, . . .
✷
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Theorem 2.3.
Suppose
{Lb0⊕f0 + Lb0⊕−f0 , g1 ⊕ h1} = {0}
Then
h1 = 0
and
(f0, U
Ng1) = 0 N = 0,±1,±2,±3, . . .
Proof
{ÛN (b0 ⊕±f0), g1 ⊕ h1} = 0
N = 0,±1,±2,±3, . . .
Then
{ÛN(b0 ⊕ 0), g1 ⊕ h1} = 0
N = 0,±1,±2,±3, . . .
and
{ÛN (0⊕ f0), g1 ⊕ h1} = 0
N = 0,±1,±2,±3, . . .
Now obtain
0 = {ÛN(b0 ⊕ 0), g1 ⊕ h1}
= {(UNb0 ⊕ 0), g1 ⊕ h1}
= (UNb0, h1)
N = 0,±1,±2,±3, . . .
0 = {ÛN(b0 ⊕ 0), g1 ⊕ h1} = {(U
Nb0 ⊕ 0), g1 ⊕ h1} = (U
Nb0, h1)
N = 0,±1,±2,±3, . . .
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Hence h1 = 0. Now
0 = {ÛN(0⊕ f0), g1 ⊕ h1}
= {(0⊕ U∗−Nf0), g1 ⊕ h1}
= (U∗−Nf0, g1)
= (f0, U
−Ng1)
N = 0,±1,±2,±3, . . .
Hence
0 = (f0, U
Ng1)
N = 0,±1,±2,±3, . . .
✷
Corollary 2.1.
Let U±1 be bounded, let f0 6= 0 and suppose that either
span{UNg1|N ∈ Z} = {0} or span{UNg1|N ∈ Z} = H
Then
{Lb0⊕f0 + Lb0⊕−f0 , g1 ⊕ h1} = {0}
implies
g1 ⊕ h1 = 0⊕ 0
and as a result
Lb0⊕f0 + Lb0⊕−f0 = H ⊕H ,
Lb0⊕f0 ∩ Lb0⊕−f0 = {0} .
✷
Remark 2.2
If U,U−1 are bounded then
Uspan{UNg1|N ∈ Z} = span{UNg1|N ∈ Z}
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Definition 2.4.
We say that U has the Property A, iff from f0 6= 0 and
{Lb0⊕f0 + Lb0⊕−f0 , g1 ⊕ h1} = {0}
one can deduce that
g1 ⊕ h1 = 0⊕ 0
✷
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3. Models of Orbits. Existence and Properties.
Definition 3.1. Let H1, {, }1 and H0, {, }0 be indefinite inner product
spaces, U1 and U0 be respectively {, }1- and {, }0-unitary operators
(bounded or not), and let x1 ∈ H1, x0 ∈ H0
We say that the Z-orbit
{UN1 x1|N ∈ Z}
is a model of the orbit
{UN0 x0|N ∈ Z}
iff
{x1, U
N
1 x1}1 = {x0, U
N
0 x0}0 , N ∈ Z
In this case we write
span{UN1 x1|N ∈ Z} ≈{,}1,{,}0 span{U
N
0 x0|N ∈ Z}
and/or simply
{UN1 x1|N ∈ Z} ≈{,}1,{,}0 {U
N
0 x0|N ∈ Z}
✷
Throughout this section
H1 := H ⊕H
{x⊕ y, x1 ⊕ y1}1 := {x⊕ y, x1 ⊕ y1}
:= (x, y1) + (y, x1);
where Hilbert space H, (, ) is the same as in the previous sections and
let
U1 := U ⊕ U
∗−1
for a suitable bilateral shift operator U (bounded or not).
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In addition suppose (mostly thechnical suppositions) that un is choosen
so that
u−n = un , (n ∈ Z)
and { 1
uN
{x0, U
N
0 x0}0
}
N∈Z
∈ l2(Z)
First of all we try
x1 := b0 ⊕ f0
for a suitable f0
So, we consider the next equation, where f0 is to be found.
{b0 ⊕ f0, Û
N (b0 ⊕ f0)} = {b0 ⊕ f0, U
Nb0 ⊕ U
∗−Nf0} = {x0, U
N
0 x0}0
, N = 0,±1,±2,±3, . . .
Now we obtain
(b0, U
∗−Nf0) + (f0, U
Nb0) = {x0, U
N
0 x0}0 , N = 0,±1,±2,±3, . . .
(U−Nb0, f0) + (f0, U
Nb0) = {x0, U
N
0 x0}0 , N = 0,±1,±2,±3, . . .
(
u−N
u0
b−N , f0) + (f0,
uN
u0
bN) = {x0, U
N
0 x0}0 , N = 0,±1,±2,±3, . . .
u−N
u0
(b−N , f0) +
uN
u0
(f0, bN) = {x0, U
N
0 x0}0 , N = 0,±1,±2,±3, . . .
u−N
u0
f0(−N) +
uN
u0
f0(N) = {x0, U
N
0 x0}0 , N = 0,±1,±2,±3, . . .
Note
{x0, U
N
0 x0}0 = {x0, U
−N
0 x0}0 , N = 0,±1,±2,±3, . . .
Recall,
uN = u−N , N = 0,±1,±2,±3, . . .
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so that
(f0(−N) + f0(N))
uN
u0
= {x0, U
N
0 x0}0 , N = 0,±1,±2,±3, . . .
The formal solution is
f0(N) =
1
2
u0
uN
{x0, UN0 x0}0 + f00(N) , N = 0,±1,±2,±3, . . .
where
f00(−N) = −f00(N) , N = 0,±1,±2,±3, . . .
Fix f00 := 0 so that
f0(N) = f0(−N) , N = 0,±1,±2,±3, . . .
In this case we have
{f0(N)}N∈Z ∈ l2(Z)
and hence we really have obtained a solution.
Thus we have obtained
Theorem 3.1.
Choose un so that
u−n = un , (n ∈ Z)
and
{ 1
uN
{x0, U
N
0 x0}0
}
N∈Z
∈ l2(Z)
(it is always possible) and put
f0(N) =
1
2
u0
uN
{x0, UN0 x0}0 , N = 0,±1,±2,±3, . . .
In this case
{f0(N)}N∈Z ∈ l2(Z)
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and if one defines
x1 := b0 ⊕ f0
then
{x1, U
N
1 x1}1 = {x0, U
N
0 x0}0 , N ∈ Z
✷
Let us discuss some properties of the obtained solution
Recall the Definition 2.2:
Lg⊕h = span{U
Ng ⊕ U∗−Nh| N = 0,±1,±2,±3, . . .}
and recall that by the Theorem 2.2 we have
{Lb0⊕f0 , Lb0⊕−f0} = {0}
Theorem 3.2.
Suppose H0 is a complet normed space with the norm || · ||0 such that
|{x, y}0| ≤ ||x||0||y||0 , (x, y ∈ H0) and un is choosen so that
∑
n∈Z
|
u0
un
|2||Un0 x0||
2
0 <∞
and so that U,U−1 are bounded (it is always possible if U0, U
−1
0 are
bounded). If in addition
{Lb0⊕f0 + Lb0⊕−f0 , g1 ⊕ h1} = {0}
then
g˜1 :=
∑
n∈Z
u0
un
g1(n)U
n
0 x0 ∈ span{U
n
0 x0|n ∈ Z} ⊂ H0
and
{UN0 x0, g˜1}0 = 0
N = 0,±1,±2,±3, . . .
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{UN0 g˜1, g˜1}0 = 0
N = 0,±1,±2,±3, . . .
In particular, span{UN0 g˜1|n ∈ Z} is a || · ||0 closed U
±1
0 -invariant {, }0-
neutral subspace of span{UN0 x0|n ∈ Z} ⊂ H0 (may be {0}).
Proof
By the Theorem 2.3,
h1 = 0
(f0, U
Ng1) = 0
N = 0,±1,±2,±3, . . .
On the other hand
g1 =
∑
n∈Z
g1(n)bn
Hence
U−Ng1 =
∑
n∈Z
un−N
un
g1(n)bn−N
N = 0,±1,±2,±3, . . .
(f0,
∑
n∈Z
un−N
un
g1(n)bn−N) = 0
N = 0,±1,±2,±3, . . .
∑
n∈Z
un−N
un
g1(n)f0(n−N) = 0
N = 0,±1,±2,±3, . . .
Recall,
f0(N) = (bN , f0) =
1
2
u0
uN
{x0, UN0 x0}0 , N = 0,±1,±2,±3, . . .
Hence
f0(n−N) = (bn−N , f0) =
1
2
u0
un−N
{x0, U
n−N
0 x0}0 , N = 0,±1,±2,±3, . . .
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Hence
∑
n∈Z
un−N
un
g1(n)
1
2
u0
un−N
{x0, U
n−N
0 x0}0 = 0
N = 0,±1,±2,±3, . . .
∑
n∈Z
u0
un
g1(n)
1
2
{x0, U
n−N
0 x0}0 = 0
N = 0,±1,±2,±3, . . .
∑
n∈Z
u0
un
g1(n)
1
2
{UN0 x0, U
n
0 x0}0 = 0
N = 0,±1,±2,±3, . . .
{UN0 x0, g˜1}0 = 0
N = 0,±1,±2,±3, . . .
{UN0 U
n
0 x0, g˜1}0 = 0
N,n = 0,±1,±2,±3, . . .
{UN0 g˜1, g˜1}0 = 0
N = 0,±1,±2,±3, . . .
Quod erat demonstrandum.
✷
Theorem 3.3.
Suppose H0 is a complet normed space with the norm || · ||0 such that
|{x, y}0| ≤ ||x||0||y||0 , (x, y ∈ H0) and un is choosen so that
P (λ) =
∑
n∈Z
u0
un
λn
as function of complex λ is analytic on the spectrum of U0 (it is always
possible if U0, U
−1
0 are bounded)
17
Suppose U0|span{UN0 g˜1|n ∈ Z} (the restriction of U0 onto
span{UN0 g˜1|n ∈ Z}) has no non-zero neutral invariant subspace.
Then span{UN0 x0|N ∈ Z} is finite dimensional or U has the Property
A.
Proof.
Let
{Lb0⊕f0 + Lb0⊕−f0 , g1 ⊕ h1} = {0} (∗)
Then
{g1(n)}n∈bfZ ∈ l2(Z)
Then
P1(λ) =
∑
n∈Z
g1(n)
u0
un
λn
as function of complex λ is analytic on the spectrum of U0
Then
P1(U) =
∑
n∈Z
g1(n)
u0
un
Un0
exists.
Then
P1(U)x0 =
∑
n∈Z
g1(n)
u0
un
Un0 x0
exists.
Then ∑
n∈Z
|
u0
un
|2||Un0 x0||
2
0 <∞
Then
P1(U)x0 = g˜1
Supposition about neutral invariant subspaces implies g˜1 = 0 Thus (∗)
implies
P1(U)x0 = 0
Suppose (∗) implies that P1(λ) is identically zero for any g1. In this
case (∗) implies that g1 = 0 for any g1 and hence U has the Property A.
Now suppose that there exists g1 such that P1(λ) is not identically zero.
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In this case, if for a λ0 we have P1(λ0) = 0, then there exists a natural
n0 such that (U0 − λ0I)
n0x0 = 0. Hence span{U
N
0 x0|N ∈ Z} is finite
dimensional. Finally, if P1(λ) 6= 0 nowhere, then P1(U0) is injective,
hence x0 = 0 and span{U
N
0 x0|N ∈ Z} is again finite dimensional.
✷
Thus, we have constructed the following chain of restrictions-
extensions:
H0 ⊃ Lx0 ≈{,}0,{,} Lb0⊕f0 ⊂ Lb0⊕f0+˙{,}Lb0⊕−f0 ⊂dense Lb0⊕f0+˙{,}Lb0⊕−f0
= L++˙{,}L− (chain A)
Here and in the following A+˙B stands for A+B with indicating A∩B =
{0} and A+{,}B stands for A+B with indicating {A,B} = {0}.
4. Operator U0 ⊕ U0
In this subsection we suppose that all U0
Nx0 (N ∈ Z) are linearly
independent and the sequence {un}n is choosen so that U has the
Property A.
Observation 4.1.
{b0 ⊕−f0, Û
N (b0 ⊕−f0)} = {b0 ⊕−f0, U
Nb0 ⊕−U
∗−Nf0}
= −{x0, U
N
0 x0}0 ,
N = 0,±1,±2,±3, . . .
✷
This motivates the following considerations.
Definition 4.1.
Put
H˜0 := H0 ⊕H0
‖x⊕ y‖2∼ := ‖x‖
2
0 + ‖y‖
2
0 (x, y ∈ H0)
U˜0 := U0 ⊕ U0
{x⊕ y, x1 ⊕ y1}− := {x, x1}0 − {y, y1}0
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Lx0 := span{U
nx0|n ∈ Z}
Lx0 := closure of Lx0 with respect to ‖ · ‖0
L˜x0 := Lx0 ⊕ Lx0
and define a linear map
Ω : Lx0 ⊕ Lx0 ⊂ H˜0 → Lb0⊕f0 + Lb0⊕−f0 ⊂ Ĥ
as follows: Firstly put
Ω(UN0 x0 ⊕ U
M
0 x0 ) := Û
N (b0 ⊕ f0) + Û
M (b0 ⊕−f0)
N,M ∈ Z
Then extend this map onto the span of UN0 x0 ⊕ U
M
0 x0 (N,M ∈ Z)
as a linear map.
Observation 4.2.
{Ω(x⊕ y, ),Ω(x1 ⊕ y1 )} = {x⊕ y, , x1 ⊕ y1}−
x, y, x1, y1 ∈ Lx0
Thus, if we take into account only indefinite inner products, we may
say that Lx0 ⊕ Lx0 is embedded in Lb0⊕f0 + Lb0⊕−f0 , we will write it
symbolically as
Lx0 ⊕ Lx0 ⊂Ω,{,}0,{,} Lb0⊕f0 + Lb0⊕−f0
Recall, U has the Property. As a consequece,
Lb0⊕f0 + Lb0⊕−f0 = Ĥ (a)
and
Lb0⊕f0 ∩ Lb0⊕−f0 = {0} ; (b)
As a result,
Ω : Lx0 ⊕ Lx0 ⊂ H˜0 → Lb0⊕f0 + Lb0⊕−f0 ⊂ Ĥ
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is injective (note, surjective by the definition). Hence,
Ω−1 : Lb0⊕f0 + Lb0⊕−f0 ⊂ Ĥ → Lx0 ⊕ Lx0 ⊂ H˜0
exists, and we may identify Lb0⊕f0+Lb0⊕−f0 and Lx0⊕Lx0 as indefinite
inner product lineals, write it symbolically:
Lx0 ⊕ Lx0 ≈Ω,{,}0,{,} Lb0⊕f0 + Lb0⊕−f0
Thus, if we take into account the relation (b), we may write finally:
Lx0 ⊕ Lx0 ≈Ω,{,}0,{,} Lb0⊕f0 + Lb0⊕−f0
⊂ Lb0⊕f0 + Lb0⊕−f0 = Ĥ = L++˙{,}L− (chain B);
✷
As a result we have obtained
Theorem 4.1.
Suppose H0 is a Hilbert space. Suppose U0 is bounded, has no nonzero
{, }0 invariant subspace, and x0 is a Z-cyclic vector of U0, i.e.,
H0 = Lx0
Then
(a) there exists a (pre)hilbert norm on Lx0 ⊕ Lx0 such that {, }− and
U0 ⊕ U0 are continuous and can be extended to continuous {, }ext and
Uext onto Hext = the completion of Lx0 ⊕ Lx0 ;
(b) there are two U±1ext-invarint (closed) subspaces L+,L− ⊂ H˜0 such
that:
(1) L+ is strictly positive;
(2) L− is strictly negative;
(3) L+ ∩ L− = {0} ,
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(4) L+ + L− is dense in H˜0,
(5) {L+,L−}− = {0}.
(6) as semidefined subspaces, L+, L− both are maximal.
✷
Finally,
Remark 4.1.
Note, that, in contrast with (chain A) in the previous subsection, in
(chain B) all embeddings are dense. ✷
22
References
[Bogn] J. Bogna´r, Indefinite Inner Product Spaces, Springer-
Verlag, Berlin Heidelberg New York, 1974.
[DalKre] Ju. L. Daletskij, M. G. Krein, The Stability of the Solu-
tions of Differental Equations in a Banach Space, Moscow.:
Nauka, 1970 (Russian)
[IK] I. S. Iokhvidov and M. G. Kre˘ın, Spectral theory of op-
erators in spaces with indefinite metric. II, Trudy Moskov.
Mat. Obsˇcˇ. 8 (1959), 413–496, English transl.: Amer. Math.
Soc. Transl. (2) 34 (1963), 283–373.
(MR21:6543)
[IKL] I. S. Iokhvidov, M. G. Kre˘ın, and H. Langer, Intro-
duction to the spectral theory of operators in spaces with an
indefinite metric, Mathematical Research, vol. 9, Akademie-
Verlag, Berlin, 1982.
[Kre65] M.G. Krein, Introduction to the geometry of idefinite J-
spaces and to the theory of operators in those spaces. In: Sec-
ond mathematical summer school, Part 1, pp 15-92, Kiev.:
Naukova dumka, 1965 (Russian)
23
